We investigate the Baire classification of mappings : X × Y → Z , where X belongs to a wide class of spaces which includes all metrizable spaces, Y is a topological space, Z is an equiconnected space, which are continuous in the first variable. We show that for a dense set in X these mappings are functions of a Baire class α in the second variable.
Introduction
We will denote by P(X Y ) the collection of all mappings : X → Y with a property P. For a mapping : X × Y → Z and a point ( ) ∈ X × Y write ( ) = ( ) = ( ). Let P and Q be some properties of mappings. Set
Let C (X Y ) denote the collection of all continuous mappings between X and Y . A mapping : X × Y → Z is separately continuous if ∈ CC (X × Y Z ). We call a mapping : X × Y → Z vertically nearly separately continuous if ∈ C C (X × Y Z ).
A mapping : X → Y is said to be a mapping of the first Baire class or a Baire-one mapping if there exists a sequence of continuous mappings : X → Y such that ( ) → ( ) for every ∈ X . The class of all Baire-one mappings : X → Y will be denoted by B 1 (X Y ). Let α > 0 be an at most countable ordinal and assume that classes B ξ (X Y ) are already defined for all ξ < α. A mapping : X → Y belongs to the α-th Baire class, ∈ B α (X Y ), if there exists a sequence of mappings ∈ ξ<α B ξ (X Y ) such that ( ) → ( ) for every ∈ X . Notice that for an arbitrary sequence (α ) ∞ =1 of ordinals α < α such that lim →∞ (α + 1) = α, we can choose a sequence ( ) ∞ =1 in such a way that ∈ B α (X Y ) for every ∈ N. Define B 0 (X Y ) = C (X Y ).
In 1898 H. Lebesgue [8] proved that every real-valued separately continuous function of two real variables is of the first Baire class. In honour of his theorem, we call a collection (X Y Z ) of topological spaces a Lebesgue α-triple,
Lebesgue's theorem was generalized by many mathematicians, see [1, 2, 5-7, 9-11, 13, 14] and the references given there. The classical work here is the paper by W. Rudin [11] , who proved the following theorem.
Theorem 1.1.
Let X be a metrizable space, Y a topological space and Z a locally convex space.
The following question is still unanswered.
Problem 1.2.
Do there exist a metrizable space X , a topological space Y and a topological vector space (or, more generally, an equiconnected space) Z such that (X Y Z ) is not a Rudin 0-triple?
The following result is due to V. Maslyuchenko and A. Kalancha [6] .
Theorem 1.3.
Let X be a metrizable space with finiteČech-Lebesgue dimension, Y a topological space, Z a topological vector space and 0 ≤ α < ω 1 . Then (X Y Z ) is a Rudin α-triple.
In [13] O. Sobchuk introduced the class of PP-spaces (see definition in Section 4), which includes the class of all metrizable spaces, and obtained the following fact [12] .
Theorem 1.4.
A collection (X Y Z ) is a Lebesgue α-triple if X is a PP-space, Y is a topological space and Z is a locally convex space.
The following two results were established by T. Banakh [1] , who introduced metrically quarter-stratifiable spaces and studied their applications to Baire classification of separately continuous functions with values in equiconnected spaces (see definitions in Section 2 and Section 4).
Theorem 1.5.
Let X be a metrically quarter-stratifiable space, Y a topological space and Z an equiconnected space. If, moreover, X is paracompact and strongly countable-dimensional or Z is locally convex, then (X Y Z ) is a Lebesgue 0-triple.
Theorem 1.6.
Let 1 ≤ α < ω 1 , X a metrically quarter-stratifiable space, Y a topological space and Z a contractible space. Then
Obviously, every Rudin α-triple is a Lebesgue α-triple. In [1, Example 5.7] an example was given which shows that Theorems 1.4 and 1.5 cannot be generalized to the case when (X Y Z ) is a Rudin 0-triple. Therefore, it is natural to ask if we can replace the words "Lebesgue triple" with "Rudin triple" in Theorems 1.4 and 1.6, and under what assumptions on X analogs of Theorems 1.3, 1.4, 1.5 and 1.6 take place.
To answer these questions, we first introduce notions of a convex combination and a λ-sum of elements of an equiconnected space (see Sections 2 and 3), and describe some of their properties. In Section 4 we introduce the class of strong PP-spaces and find out that (X Y Z ) is a Rudin α-triple for α ≥ 0 if X is a strong PP-space, Y is a topological space and Z is a locally convex equiconnected space. Further, in Section 5 we prove that (X Y Z ) is a Rudin α-triple for α ≥ 0 if X is a paracompact Hausdorff strongly countable-dimensional strong PP-space, Y is a topological space and Z is an equiconnected space. This gives the generalization of Theorem 1.3 for an equiconnected space Z and for Rudin triples. Functions of the classes C B α , with α > 0, are investigated in Section 6. There we show that if X is a strong PP-space, Y is a topological space, and Z is a conractible space, then (X Y Z ) is a Rudin α-triple. Finally, in Section 7 we give several examples of PP-spaces which are not strong PP-spaces. Consequently, these examples show that Theorem 1.6 cannot be generalized to Rudin triples.
Convex combinations in an equiconnected space and their properties Definition 2.1.
An equiconnected space is a pair (X λ), consisting of a topological space X and a continuous function λ :
The simplest example of an equiconnected space is a convex subset of a topological vector space, where λ can be defined as λ( ) = (1 − ) + .
For every ∈ N denote
Let (X λ) be an equiconnected space. By induction on ∈ N we define a sequence (λ ) ∞ =1 of mappings λ : X × S → X . For = 1 set λ 1 ( 1) = for every ∈ X . Now for ∈ N, 
Proposition 2.3.
Let (X λ) be an equiconnected space. Then (λ ) ∞ =1 has the following properties: (i) if ≥ 2, 1 ≤ ≤ and α = 0, then
for any (iii) every λ is continuous.
Proof. By induction on , properties (i) and (ii) follow easily from the definition of functions λ .
(iii) Clearly, λ 1 is continuous. We assume that the functions λ 1 λ are continuous and show that λ +1 is continuous. Fix points 1 +1 ∈ X and a vector (α 1 α +1 ) ∈ S +1 , and prove that λ +1 is continuous at
Since G is open and functions λ and λ are continuous, λ +1 is continuous at every point of G. In particular, λ +1 is continuous at (
. Now, taking into account that A ⊆ U and that λ 2 is continuous, we choose neighborhoods U 1 and U 2 of 1 and 2 such that λ(
If β 1 = β 2 = 0, then, taking into account that 2 ∈ U and 0 ∈ V , we conclude that
Let (X λ) be an equiconnected space and A ⊆ X a nonempty set. Put λ 0
According to [1] , we call an equiconnected space (X λ) locally convex if for every ∈ X and a neighborhood U of in X there exists a neighborhood V of such that λ ∞ (V ) ⊆ U. The following fact directly follows from the definitions.
Proposition 2.4.
Let (X λ) be an equiconnected space, A ⊆ X and ∈ N. Then Let (I ≤) be a well ordered set, ( ) ∈I a family of elements of an equiconnected space (X λ), and (α ) ∈I a collection of scalars α ≥ 0 such that
λ-sums and Baire measurable functions
Then the element λ (
Let us observe that λ ∈I α = ∈I α for an arbitrary topological vector space X , where λ(
Theorem 3.2.
Let X and Y be topological spaces, (Z λ) an equiconnected space, (I ≤) a well ordered set, 0 ≤ α < ω 1 , ( ) ∈I a family of mappings with : Y → Z of Baire class α and ( ) ∈I a locally finite partition of unity on X . Then the mapping Proof. We will argue by induction on α. We first consider the case α = 0, i.e. the case when all mappings are continuous. Fix a point 0 ∈ X and show that is continuous at every point of 
Strong PP-spaces and mappings into locally convex spaces Definition 4.1.
A topological space (X T) is called quarter-stratifiable if there exists a function : N × X → T (called quarter-stratifying function) such that
A topology T on a topological space (X T) is called quarter-stratifying if there exists a quarter-stratifying function :
A topological space X is said to be metrically quarter-stratifiable if it admits a weaker metrizable quarter-stratifying topology.
We denote the topology on a topological space X by T(X ).
Definition 4.2.
A topological space X is called a (strong) PP-space if (for any dense set D ⊆ X ) there exist a sequence (U ) ∞ =1 of ( : ∈ I ) ∞ =1 of locally finite partitions of unity on X and a sequence ( : ∈ I ) ∞ =1 of families of points of X (of D) such that for all ∈ X and all U , U ∈ T(X ), there exists 0 ∈ N such that for all ≥ 0 and ∈ I ,
Obviously, every strong PP-space is a PP-space. It is easy to see that any metrizable space, or, more generally, every space equipped with a topology generated by a pseudo-metric, is a strong PP-space. Therefore, a topological space X equipped with the topology generated by a pseudo-metric which is not a metric on X is a PP-space, but is not metrically quarter-stratifiable. The following proposition gives an example of a non-metrizable strong PP-space. 
Theorem 4.5.
Let X be a strong PP-space, Y a topological space, (Z λ) a locally convex equiconnected space and 0 ≤ α < ω ) implies the existence of a neighborhood U of 0 in X such that ( 0 ) ∈ W 1 for every ∈ U. According to (1) there is a number 0 such that ∈ U for all ≥ 0 and ∈ I with 0 ∈ supp .
Mappings into equiconnected spaces
We will show that ( 0 0 ) ∈ W for all ≥ 0 . Take ≥ 0 and set (1) holds. By [4, Theorem 5.1.10] for every ∈ N there exists a locally finite cover (U : ∈ J ) of X which refines (supp : ∈ I ) and such that for every ∈ N and ∈ X there is a neighborhood U of with { ∈ J : U ∩ U = ∅} ≤ . The following corollary generalizes Theorem 1.3.
Corollary 5.4.
Let X be a strongly countably dimensional metrizable space, Y a topological space, (Z λ) an equiconnected space. Then (X Y Z ) is a Rudin α-triple for every 0 ≤ α < ω 1 .
The case α > 0 Definition 6.1.
A topological space X is contractible if there exists a point * ∈ X and a continuous function γ : X × [0 1] → X such that γ( 0) = and γ( 1) = * for every ∈ X . A contractible space X with such a function γ and such a point * we denote by (X γ * ).
Clearly, every equiconnected space (X λ) is contractible.
Proposition 6.2.
Let X and Y be topological spaces, (Z γ * ) a contractible space, 0 ≤ α < ω 1 , ( ) ∈I a family of mappings ∈ B α (Y Z ) and let ( ) ∈I be a family of continuous functions : X → [0 1] such that the family (supp ) ∈I is discrete in X . Then the mapping : X × Y → Z , 
Lemma 6.3.
Let X be a topological space and G be a locally finite cover of X by co-zero sets. Then there exists a disjoint locally finite cover of X by functionally ambiguous sets which refines G.
Since G is locally finite, the set ξ<α G ξ is a co-zero set. Then A α is functionally ambiguous set as the difference of co-zero sets. Clearly, the family A = {A α : 0 ≤ α < β} is as required.
Definition 6.4.
A topological space X is said to be weakly collectionwise normal if for an arbitrary discrete family (F : ∈ S) of zero sets in X there exists a discrete family (U : ∈ S) of co-zero sets in X such that F ⊆ U for all ∈ S.
Let us observe that every collectionwise normal space is weakly collectionwise normal. Also, notice that every metrizable space or, more generally, every space equipped with the topology generated by a pseudo-metric, is weakly collectionwise normal.
Proposition 6.5.
Let 0 < α < ω 1 , let X be a weakly collectionwise normal space, Y a topological space, Z a contractible space, (X : ∈ S) a disjoint locally finite cover of X by functionally ambiguous sets, ∈ B α (Y Z ) for every ∈ S and
Proof. For every ∈ S there exists an increasing sequence (F ) ∞ =1 of zero sets such that X = ∞ =1 F . Since for every ∈ N all the sets F are closed, every family (F : ∈ S) is discrete in X . Taking into account that X is weakly collectionwise normal, for every ∈ N we choose a discrete family (U : ∈ S) of co-zero sets in X such that F ⊆ U for all ∈ S. Let ∈ C (X [0 1]) be such functions that F = −1 (1) and U = −1 ((0 1]) for all ( ) ∈ S × N.
We choose an increasing sequence (α ) ∞ =1 of ordinals α < α such that α = lim →∞ (α + 1) and for every ∈ S choose a sequence of functions ∈ B α (Y Z ) which is pointwise convergent to on Y . Let γ ∈ C (Z × [0 1] Z ) and 0 ∈ Z be such that γ( 0) = and γ( 1) = 0 for all ∈ Z . Define a function : X × Y → Z in the following way:
According to Proposition 6.2, ∈ B α (X × Y Z ) for every ∈ N.
It remains to prove that → on X × Y . Indeed, let ( ) ∈ X × Y . Then there exists ∈ S such that ∈ X . Since the sequence (F ) ∞ =1 increases, there exists a number 0 such that ∈ F for all ≥ 0 . Then ( ) = γ( ( ) 0) = ( ) for all ≥ 0 . Hence, ( ) → ( ) = ( ) Therefore, ∈ B α (X × Y Z ).
Theorem 6.6.
Let X be a strong PP-space, Y a topological space, Z a contractible space and 0 < α < ω 1 . Then (X Y Z ) is a Rudin α-triple.
Proof. Let (1) holds. In accordance with [10, Proposition 3.2] there exists a pseudo-metric on X such that all the functions are continuous with respect to this pseudo-metric. Denote by T the topology on X generated by the pseudo-metric. Obviously, the topology T is weaker than the initial one and all the sets supp
are T-open. Using the paracompactness of (X T), for every we choose a locally finite open cover V which refines the open cover (supp : ∈ I ). By Lemma 6.3, for every there exists a disjoint locally finite cover A = (A : ∈ S ) of (X T) by ambiguous sets which refines V . For every ∈ S we choose any ( ) ∈ I such that A ⊆ supp ( ) . For all and ( ) ∈ X × Y let
Since ( ) ∈ B α (Y Z ) for every ∈ S and (X T) is weakly collectionwise normal, Proposition 6.5 implies that
There exists a sequence ( ) ∞ =1 , ∈ S , such that ∈ A ⊆ supp ( ) . Condition (1) implies that ( ) → . Since is continuous in the first variable,
Vertically nearly separately continuous mappings which do not belong to the first Baire class
We define a topology on X in the following way. All points of the form 1/ + 1/ will be isolated points of X . The base of neighborhoods of a point 1/ are the sets of the form X \ = 2 {1/ + 1/ }, = 2 2 + 1 Finally, as neighborhoods of 0 we take all the sets obtained from X by removing a finite number of X 's and a finite number of points of the form {1/ + 1/ } in all the remaining X 's. The space X with this topology is a sequential space that is not a Fréchet space [3, Example 1.6.19].
The following example is an enhancement of [1, Example 5.7] and shows that the condition that X is a strong PP-space is essential in Theorems 4.5, 5.3 and 6.6. It then follows that Theorem 1.6 cannot be generalized to Rudin triples. 
Lemma 7.2.
Let X be a topological space, ∈ R, F H be zero sets in X , and G a co-zero set in X such that H ⊆ F ∩ G. Then there exists a function : X × R → R with the followings properties:
(i) is continuous in the first variable;
(ii) is jointly continuous on ( ) ∈ (X \ F ) × R;
Proof. We 
We consider on R ∞ the topology in which the system U 0 = {U : ∈ E} forms the base of neighborhoods of zero.
The following example shows that the analog of Theorem 5.3 is not true for strongly countably dimensional locally convex Hausdorff paracompact spaces.
Example 7.3.
Let X = R ∞ and Y = Z = R. Then there exists a function ∈ C C (X × Y Z ) which is not a pointwise limit of a sequence of separately continuous functions.
Proof. For every ∈ N let
It is easily seen that all the sets H are zero sets, and all the sets G are co-zero sets. Let Q = { : ∈ N}, where = for = . Fix ∈ N. For the space X , a number = and for sets F = H 1 , H and G there exists a function : X × R → R which satisfies (i)-(iv) of Lemma 7.2. We set ( ) = ∞ =1 ( ). We will show that ∈ C C (X × Y Z ), but is not a pointwise limit of a sequence of separately continuous functions.
Remark that ( ) = χ ( ) for all ∈ N, ∈ Y and ∈ H . Then for the point 0 = (0 0 ) ∈ ∞ =1 H the function 0 is the Dirichlet function, which is not of the first Baire class. Hence, is not a pointwise limit of a sequence of separately continuous functions. Now we prove that X \ F ⊆ X C ( ). Let 1 ∈ X \ F . Since 1 = 0 , there exists a neighborhood U ⊆ X \ F of 1 and a number 0 ∈ N such that U ∩ G = ∅ for all ≥ 0 . Then, taking into account condition (iii), for every ∈ U we have ( ) = 0 =1 ( ) for all ∈ Y . By condition (ii), is continuous on U × Y , in particular, 1 ∈ X C ( ). Since X \ F = X , X C ( ) = X .
It remains to show that is continuous in the first variable. Fix 0 ∈ Y . Since the sequence (G ) ∞ =1 is decreasing and { 0 } = ∞ =1 G , conditions (iii) and (i) imply that the function 0 is continuous at all points = 0 . Notice that a given function : R ∞ → R is continuous if and only if the restriction of to every space X = (ξ 1 ξ 0 ) : ξ 1 ξ ∈ R is continuous. Therefore, it is sufficient to show that every restriction of 0 to X is continuous at 0 . Choose a number ∈ N such that 0 ∈ { : ≥ }. Then by condition (iii), ( 0 ) = =1 ( 0 ) for all ∈ F . Since for every ∈ N the set F = F ∩ X is a neighborhood of 0 in X , one has that (i) implies continuity of the restriction of 0 on X at the point 0 .
Remark that the spaces from Examples 7.1 and 7.3 are PP-spaces. But, combining these examples and Theorem 4.5 implies that they are not strong PP-spaces.
Let us observe that the inclusion C C (X × Y R) ⊆ B 1 (X × Y R) for any topological space Y does not imply that X is a strong PP-space. For example, the inclusion holds for any topological space X on which every continuous real-valued function is constant. These spaces, in general, need not by regular, see [3, p. 119] , and (strong) PP-spaces. Therefore, it is natural to ask the following question.
Question 7.4.
Does there exist a completely regular space X which is not a (strong) PP-space and C C (X × Y R) ⊆ B 1 (X × Y R) for any topological space Y ?
